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Fig.1 Flow chart of tuberculosis transmission
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Tab.1 Biological meanings of parameters in model (1)

24 L334

A VL R I NOERE -2

B T3] S, B Al Yo%

B2 T3] S, 1y ] g2 4L Y 56

Bs TS, [ H AL YR

Be I3 S, IR He At e

JZ ST R ET R

) HARE T %

¢ TR PSS A% B3 5 B I L (0<<c<<1)
k LERR R

@ T AR I 45 A% 90 J8 3 1 PR UL P PO

h T B P 45 R SR Y TR R

o T Bl P55 % 55 S8 2 B PR ) PR 5 A 43 AT T 1 B 7 %
d PI55E oP 85 % 43 BOFT T 1 1 R 0%

1.2 BWANEARBLEH
FEAY 1) B JC 9 -5 158 PP =(S1, S%,0,0,0,0), Hr

0 A 0 7A
Sl: ’SZZ o
yto Sy +96)
F A A (1) 1] 75
g+o 0 —k 0 0 ¢SIB +cSiBs 0 cSIB.+ cSip,
V— —¢ htotypu 0 0 F— 0 a 0
0 —h k+o6 0 0 0 0 o
0 —0 0 d 0 0 0 0
Hrf o, =(1—0c)S1p+(1—0¢)S3ps, an=(1—0¢)SIB,+(1—¢)S;Bs0 HISTHRL13] A F3 A5 (1) A FE A
A(k+6)(08, + + 06—
Ro=0(FV )= S IC: b/ LY @) (1+0)0
Sy + ) (k+6)Ng+8)h+ 06+ u)—khp] d

FE1 YR, 1, BRI CDAFLEME— 7 -5 05 P =(S1, S:, E, I, R, W7), HiX syl 12 .
A=S\(pI + W)+ yS, + 0S;,

ySi=S:( B + B.W")+ 58S,

cSUPT + W)+ S Bl + W )+ kR, = oE" + OE",

R+ (8 + ) I'=[Si( BT + W )+ Sy BT +BW)(1— )+ oE,
A= kR + OR’,

ol =dW",

ERR 2R

(2)

N dA
E+0" " T dp I+ af I + dy +do’

dAy
(dB.I" + afI + dy + do)(dB,I" + ap I + do)
~ cAldp I+ op.I") khI” cdAy(dps1"+ oB,1")
N m (o4 0)k+o) mldpI +oBd +do)°

w21 R
d 9’

g =




108 TR R CHARBR 2 IR 530 547 %

Hrhm=(¢ + 0)(dp,I' + B, I+ dy + dd).
WSS ET R WA DOBEE 34X, Wi
by 1%+ b, I + by =0,
Horp
~ddpy+ op)dp;s+ ap.)
k=46
b,=dA(p + 0)dB, + o, )(dB;+ oB.)— cd(dB, + a8, )(dB; + o, )+
d*okhel (dB, + af.) n d*khel (dBs+ g, )(y +6)
k=46 k=46
dPo(y+9)
)
T hke —(k+ )@+ ) h+0+u)<<0, BR, > 11, b,<<0, by >0, KL, HECDAFAEME— )

795 P A P
2 BRSO RUE M) BT
2.1 EIRFEHEEP HREME
EIE2 MR, < 1E, HACD A TCR i 5 PR3l fa i s 2 R > 1HF, AR (1) A8 T8Ik - 1y 15

P AFEE o
ER E Xs(M)=max{Re l: ARMBFEAR ), K M=F — V., /& P A Jacobi FE (4 K

b,

[khe —(@+ ) k+ ) h+ o+ u)l,

by (1—R,) [hkp —(k+8)N @+ ) h+o+u)],

5wl
0 M
Hor o« RoR 2 X A AR T,
—y—06 0
)
Y —0
PR, FE R T BYRRE DT #E N
RE —J|=(A+y+8)A+)AE—M|=0, (3)

AR, —y — 0 M — 0 NFAE T RO SR . X AE — M[=0, th3CHk [23] e #2751, 4
Ro<<1BF, s(M)<<0, BCRAEJ7 R (D Ir A R AEE 34 A T SEiE . Rtk BBE8S C1 f9 J0s T 7 450 PO J= 35 7 3 A
o MR, 1EE, s(M)>0, 3% B R E R TR () B FEAE— A28 R 0F AR IE A . PR, BEA DG
s - o5 PR R RRE )

EE3 MR, < 1EF, BRI TR 5 PO A R R g .

IERA & X Lyapunov BRECH

V1:E+§0+51+ k R+C§D(ﬂzsl+ﬂ4sz)w+(1_C')(§0+5)(ﬂzsl+ﬂ4sz)w
@ k+ ¢ do do
WE VIIEERB (DML 2S5, 5
dV, _dE  p+0dl  k dR _cp(RSI+S) AW (1= c)p+8)BSI+ 4.5 dW _

=—+ —+ —+
dz dr o dt  k+o dt do dz do dz

k

o+
¢
co( 3,8+ B.S9) (GI+dW)+(1*0)(§0+é)‘)(ﬁ’2$?+ﬂ452)
dy de
(F+6) @+ ) h+ 08+ p)— hkp
ple+0)

[(1—=c)SUB I+ BW )+ oE — hI +(1—¢)SS( B I+ W )—(6+p)I ]+

(ol +dW )=

(Ro— 1)1,



2 WIS AL, AF AR - PR EERR A B P B B A A 1 B Bl ) s M AR 1 PBE F AR A 109

i LaSalle NS JFHEE AT AT, 24 R, << 1, BEHEYCL 4 Jo R - 5 PO 4 Jsy i Fa i o

2.2 MAREESAP HWREME
FIE4 YR, 1A, B S P'=(S],S,, E, I, R, W) & Jm#iiEfiE .
iERE 4

S] . S'_) o E

DAY (1) m] A 46y

o A() SN R
& 5 /(i $10. W' (w

de S I sii SW S W ER" [ r
)

SW Yo W 2 *
I (é'ul)Jrecﬁg 2* éZZl),
e E e

di - - - S, Sw pE €
o =i(1—=c)pSilsi— 1D+ i(1—c)p. T ( ; 1)+l I ( 1)+

ecfs
(4)

Zh(lfC) 4
dr hl*(i )
—=r—\——1/,
ds R \r

dw UI*( i )
e
ds W'\ w

BRI (O EAME— M a5 P =(1,1,1,1,1,1), FHP, 5P &R e kS, fr R

S;W* ( Sow
’ )

1)+l(16),@% 2( s;— 1),

SEE ] PR AR W R
2E X Lyapunov PR A
* * * * iR (3,51 2,83 W™
V.= Sigla)+ Sigle)+ Egle)+ I'gli+ g+ P j,ﬁ W (o).

Hi.g(x)=a—1—Inx(x>0), B, g(2)=0, I Hg(x)=04HNSr=1, V., ZRIEEW. II'H&
Vo, IF BB (DO ny 245, 1%

T e e
7

d¢ s/ de Sy e/ d ds
l1———+—1——]—
ol’ w | dt hl’ r ) det
F AL (4) 75
dv, 1 s\ si1 . S1w L Sol L.
:_g ‘7 A_g - Sly_ - C‘ﬂlsll _g - CﬂleW _g - C‘ﬂgSgI -
ds S s e i e

Sow PR S, w PR e . 7 B r .
g( ; )(1—6)/?4SZW —g(e)cﬁ4SzW —g(i)E go—g(r)hl —g(e)/eR —

gt“»U1—nﬁ+2$Wﬂ<m

e
i LaSalle AN AR 48 JE BRAT A0, A (4 B9 M 7 0 S5 05 Py = (1, 1,1, 1, 1, 1) 2 & JR i F € 1, s A
CL) Yy Hb T 9% -4 5 P 4 R e fa E 1 .



110 TR R CHARBR 2 IR 530 547 %

3 IR T H AR £ ] 1)

AT 38 F B AU ) D7 B F SRR (D Y 11 H A 4 1l ] 8t
3.1 EFRISENEISRAENINEESE

SIABA R AR R 0, ()0, (1)< 1) M, (1 X O e, ()<< 1), 43 5 F R PE W HEFF A2 DOTS ¥R 97
%, HESr AR A .

ds

dz' = A — S BI+ B.W)—yS,—dS,,

ds,

ds :}’Slfsz( ,831+ﬂ4W)7§S'27 ul(t)USZv

dE
E:CS](IQ]I+ﬂ2W)+ (Sz(ﬂ31+ﬂ4W )+ kRi gDEiSE,

’ (5)
dI
a:(lfc)Sl(ﬂJJr,@zW)Jr oE +(1—c)S, (B I+ BW)—h—(8+ p)I— u, (1)1,
dR
——=hI+u,(t)I— kR — OR,

dz

dw
—— =gl — dW,

dz

Ho e, (1)= 0 F£ R X 5 AR AR FEFET , wy (1)= 1 E R X 5 BOAE N SE SR EE 5w (1)= 0%
X IR AN S0 DOTS #5 i , o ()= 1 /= XYL 5 58 4 300 DO TS #4575 v RmEH A RCR, vu, (1)FR
TNPE A BRI R . WA AR

S,(0)=0,S,(0)=0,E(0)=0,1(0)=0,R(0)=0, W(0)=0,

S x=(SLSuE. LR W) L u=(u,(0),u () . i B %N

J(ul(z),uz(z‘,))ZJ Lz u)de, (6)

5

L=AISZ+AZ<I—Il>2+Blul<z>sz+Bzu2<z>z+%<clufu)+ Cod (1)),

X B[O, T] 2 7 52 P Fh R ] 0 5 it /9 B ) X, IE W B ALB, M C(i=1,2) E R
So(2) IC2) uy (o) Fla, (o) B IR ZR B o 52 it 3 79 b 4 11 15 it 1) 80 A 2 DA B /N 19 1 AR /6 A B 19 )
&) &) B [0, T] Py *ﬁﬁ@ﬁ%%l VB R EATMBEHRI Z T, Wk 2, 2.3 — &l
P (ui (0, (0)) A3 T (i (), s ()= min{J (G, (), (), (£), w0, ()€U, Mo U=
{Cur (1), () |, (2) (i =1, 2) 42 Lebesgue Al M, u,(£)€[0,1],2€[0, T 1o

TH S X BB (5) , A7 AE AR O w =( (1), ui () €U L K X R R UK A
(SIL Sy, EN TN, R, WH)T, 145 T (w) (2), ws(2))=min, ), eod (wr (2), us(2))s

ERR S p=(p (2),p.(t))",q=(q.(2),q., ()" €U, LR r€[0,1], H

kp+(1—k)qg=(xp, (1) +(1—x)q. (), kp,(t)+(1—k)q.(1))" €U,

PRI Sy bR 25 A8 R o AR AR AR LRy, H U R E P A, Irll U204 o R E A AR SE 00T LI

Wi, X FR—MH AN ec U, BRI MFEE RN, h6)H
L(x,kp+(1—k)g)— kl(x,p)—(1—x)L(x,q)=

—2{ [kp, (£)+(1—x)q, ()] }*—xZB P’ z‘)fE 1—x) EB,q,

)4‘#
i

1 2
S ¥ /c—l)ZB pi(2)—q; (1)) <0,

BV L(x,6ep+(1—k)g)<<«kL(z,p)t(1—x)L(x,q),YVec[0,1] PKitk, HIreREW P R AR =0 L U
PR R, N AFEFEO=2,£=0.5min{B,B,}>05¢&=0, ffifg



2 WIS AL, AF AR - PR EERR A B P B B A A 1 B Bl ) s M AR 1 PBE F AR A 111

AISZJVAz(I*Il)Z+B1u152+52u21+%( L () Cod ()= & (Juy (OF + s (0F)? — &0
FrUA, AR a0 = (uy (1), ws(£)' €U, R T (wi (1), us(2))=ming, ) woneod (wr (1), us(2))o
3.2 e A RAE

EIHE6 mul(z‘)ﬂu?(z)ﬁﬂﬂ'ﬂﬁ”ﬁi‘ﬂ S, SULSYVEN IV RN W R (5 FE ) AR S A TR X R Y A
PR AR B . WAFTEREBE S 5 A()=(A,(£), A, (1), A5 (2), A, (2), 25 (), A (£))" € R* Wl e T AU FE Rl 7 72 . BD

d/lclii ):/11(1)(/?11+ﬂ2W+y+6)—/1( Yy — A () (B I+ B,W)— A, (1) (1 — )BT+ B W
dx;il):*AlfBlul(t)+/12(l)(/?31+ﬂ4W+8+ul(l)u)*l;;(l)c(ﬂ;gl+ﬂ4W)*
A ()L — Bl + pW)
d/lx(f)i o
ar —/13([)(§0+(3) /14(f)§0,
d;(:ji[):*ZAZ(I*Il)*Bzuz(l)+X1(Z)Slﬂ1+Az(f)szﬂsi/13([)5(51,81+Szﬂ3)7/14(f)[(1*C)81/81+
(1—=c)S,Bs—h—0—pu—u,(t)]— 2 () h+ u,(t))— (1),
) k2Rt 8),
dz
dag ()
& =2,(2)S, ﬂZJF/l(Z)S Bi— s(1)c(S, B+ S, ,84) (l‘)(lfC)(SlﬂzJFSzﬁal)Jfke(l‘)d,

HBB &M A (T)=00i=1,2,--,6), B EI®, qp
u,(z)=min {max{D,,0},1},i=1, 2,
Horfr
vSy _Il* N -
D,= c, (A,(2) Bl),Dz—cz(/h(Z) A5(t)— By )s (7)
WERR BT M, WA= (), A(2), As(2), A (2), A5 (2), A (2))" T IE N A =(A1, A5y A5, Ay A5, A6)T,

MEEAY (5)f) Hamiltonian p& %A

1
H:AISZ+A2(1711)2+BIM1SZ+B2L‘ZI+E (C]u? C2u§)+ /11A 7/1]65] -

Sy (B I+ B.W )= AyS: + AyS) — XS, (8] + BW )— 2,85, — ouy (1) uS, +
ch (B I+ pB.W +/13L‘Sz(ﬂgl+,6’4W)JrAgkR—A350E+/14§0E—/14(§+,u)1—
A0E + 2, (1= ¢)S (BT + BW )+ A (1 — ¢)S, (BT + BW )— AhI — dyuy (1)1 +
As (AT + u, (1) — kR — 6R )+ As (ol — dW ),
WAl Pontryagin B K AE J5 2R, A H 40 F 1E )y &
dA, (z) OH dA,(z) dH da(¢) OH da, (1) dH daA; (1) JH dA;(¢)  9H

& as, d¢  8S,” dt  9E’ d¢ a1’ d¢ R’ At oW’
A A i s () F e () AN CH TR S
4 BEBA

ARAT K32 I MATLAB SEAT BB R 3 AT Be 245 B e ERR P AT e . oE— 2, i8R
I 42 i) S5 5 6T 7 A JE L i A R (TARD , PYEA 45 ol 5% g 6T 435 422 0 1% % 1) 30 o 2038
4.1 EROFEHIANBEHE

BRI CD B RIAR{E R S, (0)= 200, S,(0)= 500, E(0)=10,1(0)= 3, R(0)=2, W(0)=40, S5 H{H N
A=156=0.1,c=0.9,¢=0.15,8,=0.0016, 3, = 0. 00015, 3;=0.0036,3,=0.0008, h=0. 4, 5=
1.8,d=0.8,k=0.15,p="0. 3,v=0. 857 B (1)} & M 1) 25 Ak 1% th <& R 4n /&1 2 fir s o el 11 2Ca) AT LA
AN, YR =0.6532<<10, Wi&EB B AR, (S,S.,E, LR, W) IS = W -F i i P'=




112 THER 2SR CHR B2 IR 330 547 %

(120.8,27.3,0,0,0,0), XEWHZERHLMEEATETHET. HE200WLAEL, ¥R, =2.8306> 1Hf,
& B 0] B3RS, (S,, S, E, I, R, W ) $ W8I M J7 7 i 5 P*=(103. 4, 147. 7, 167. 3,41. 3,66. 2,82. 7),
X R E IR I A S E AP RAT o BUE A LSS SR I8 UE T 2 B 3 F o # 4 (%) HERR I

600 600
S
500 Sz 500
— -E
w400 400 -
1iE]
B 2
25 300 %a 300 F
ES
200 - 200 b
100 100
0 0
I ]
(a) Ry<1 (b) R>1

2 #BE () FESNRES
Fig. 2 Stability of the equilibrium points of model (1)
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Tab.2 Cumulative number of infections and IAR values under different strategies

SRmE L SR IN IAR/ %
g 1 173.10 0

W 2 167.35 3.32
W 3 110.73 36.03
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The Stability and Preset Target Control of a Two—Stage Tuberculosis
Transmission Dynamical Model Coupled With Age and Environment

HU Pengcheng*, CAO Bogiang"*, KANG Ting"*, WANG Qingyun'**
(1. School of Mathematics and Statistics, Ningxia University, Yinchuan 750021, China;
2. Ningxia Basic Science Research Center of Mathematics, Yinchuan 750021, China;

3. Department of Dynamics and Control, Beihang University, Beijing 100191, China)

Abstract: By incorporating both the age structure of the susceptible population and Mycobacterium tuberculosis

in environment, we construct a two-stage dynamical model of tuberculosis transmission and systematically ana-

lyze its stability. A preset target control strategy is further developed. First, we derive an explicit expression

for the basic reproduction number and prove the globally asymptotic stability of both the disease-free and

endemic equilibria using Lyapunov theory. Next, we formulate and solve a preset-target control problem that

treats vaccination and the DOTS (directly observed treatment, short-course) strategy as control variables.

Numerical simulations show that the combined implementation of vaccination and DOTS can maintain the num -

ber of active TB cases below the preset target and yields a significantly higher infection-avoidance rate than

either measure used alone, providing a theoretical basis for optimizing tuberculosis prevention and control strate-

gies.

Key words: tuberculosis; dynamical model; basic reproduction number; stability; preset target control
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