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Weighted laplacian method and its theoretical applications

XU Shi-jie, FANG Jia-yan, LI Xiang-yang
(School of Computer Science and Technology, University of Science and Technology of China, Hefei 244022, China)

Abstract: In this paper, we develop a novel weighted Laplacian method, which is partially inspired by the theory of
graph Laplacian, to study recent popular graph problems, such as multilevel graph partitioning and balanced
minimum cut problem, in a more convenient manner. Since the weighted Laplacian strategy inherits the virtues of
spectral methods, graph algorithms designed using weighted ILaplacian will necessarily possess more robust
theoretical guarantees for algorithmic performances, comparing with those existing algorithms that are heuristically
proposed. In order to illustrate its powerful utility both in theory and in practice, we also present two effective
applications of our weighted Laplacian method to multilevel graph partitioning and balanced minimum cut problem,
respectively. By means of variational methods and theory of partial differential equations (PDEs), we have
established the equivalence relations among the weighted cut problem, balanced minimum cut problem and the initial
clustering problem that arises in the middle stage of graph partitioning algorithms under a multilevel structure.
These equivalence relations can indeed provide solid theoretical support for algorithms based on our proposed
weighted Laplacian strategy. Moreover, from the perspective of the application to the balanced minimum cut
problem, weighted Laplacian can make it possible for research of numerical solutions of PDEs to be a powerful tool
for the algorithmic study of graph problems.
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Algorithm 1 Weighted Spectral Algorithm for Initial Clus-
tering Based on Weighted Laplacian Method

Require: G, 7,k

: (V,M,W) + G '

: Compute the degree matrix D of W

: for ¢; is a cluster in the partition 7 do

{l<v? <. <o} ¢

W (:,4) « 08, W(,0f)

W(i7 :) — 211:1 W(’Uf, :)

M(i,0) < 320 D(vt, v}

: end for - .

: Compute the degree matrix D of W

: Ly <+ M~Y2(D - W)M~1/?

: m <+ dim(W)

: Make ihe eigendecomposiiion Lz = Az, ihe eigen-
vectors corresponding to the k smallest eigenvalues are
{z:}i=1, & letU = (z;) € R™xE,

: Execute the k-means algorithm on the rows of U = (u;)
to obtain a clustering {A;}. Clusters {C;} with C; =
{veV|3j,vecju; € As}

14: return {C;}i=1, &
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