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循环对称接触结构的概率有限元应力分析

株洲航空动力机械研究所　　杨治国
* * 　尹泽勇

【摘要】　给出了循环对称接触表面上相应节点的循环对称接触关系及其关于随机变量的导数表

达式, 建立了考虑材料物性和载荷随机性的循环对称接触结构基本段概率有限元应力分析法。还

给出了采用一次二阶矩 Hasofer- L ind 方法的相应结构强度可靠性分析公式。关于某发动机离心

叶轮结构强度可靠性分析的实例表明了本方法的有效性与实用性。
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1　循环对称接触关系及其关于随机变量的导数、结构概率有限元列式

　　在图 1所示循环对称接触问题示例中,对基本段Ⅰ的一对 5自由度壳元类循环对称接触

图 1　循环对称接触问题示例

节点 i和 j ,在不考虑摩擦力的情况下,其循环对称接触关

系为:

循环对称一体接触

{u} i = [ t1 ] {u} j + [ t 2] [ �ij　0　0　0　0] T

{ f } i = - [ t 1] { f } j

�{u} i / �x k = [ t1 ] �{u} j / �x k

�{ f } i/ �x k = - [ t1 ] �{ f } j / �x k　　( k = 1, ⋯, m)

　　这里{u} i , { u} j 及{ f } i 和{ f } j 分别为节点 i 及节点 j

的位移向量和节点接触力向量; [ t 1]和[ t 2]为两变换矩阵

(详见文献[ 1] ) ; x k ( k= 1,⋯, m)为一组基本随机变量。

循环对称滑移接触

[�1] {u} i = [�1 ] [ t 1] {u} j + {�if 0} T

[�1] { f } i = - [�1 ] [ t 1] { f } j　, 　[�2] { f } i = - [�2] [ t 1] { f } j = { 0}

[ �1 ] �{u} i/ �x k = - [�1 ] [ t 1] �{u} j / �x k　　( k = 1,⋯, m)

[�1 ] �{ f } i / �x k = - [�1 ] �{ f } j / �x k

[ �2 ] �{ f } i / �x k = [�2] [ t 1] �{ f } j / �x k = { 0}

( k = 1,⋯, m)

式中[�1]和[�2]是矩阵[ t2 ]的子矩阵,详见文献[ 1]。

循环对称开式接触

{ f } i = { f } j = { 0}　, 　�{ f } i/ �x k = �{ f } j / �x k = { 0}　　( k = 1,⋯, m )



2　可靠度计算

　　对各向同性材料, 根据 M isess 屈服条件,临界函数 g 可定义为: g= 1-  e/  0. 2 ,其中 g< 0

为失效, g> 0为安全。该临界函数 g 的期望值、方差分别为:

E[ g] = 1 -
 *
e

 *
0. 2

- �
m

k= 1
(!xk - x

*
k )
�(  e/  0. 2)

�x k

*

Var [ g] = �
m

k= 1
�
m

l= 1

�(  e/  0. 2)
�x k

* �(  e/  0. 2 )
�x l

*

Cov[ x k, x l ]

图 2　有限元计算模型

!x
k
为随机变量 x k 的均值, x

*
k 为破坏点处随机变量 x k 的

值;  e为 M isess当量应力; Cov [ x k, x l]为 x k 与 x l 协方差。

相应的可靠度指标 ∀、破坏概率 P f 及可靠度 R e 分别

为:

∀ = E [ g] / ( Var[ g] ) 1/ 2　,　P f = # ( - ∀)

R e = 1 - P f = # ( ∀)
式中 # ( )表示标准正态累积分布函数。

值得指出, 计算开始并不知道破坏点, 为此采用 Ha-

sofer- Lind逼近法
[ 3]
。

3　应用实例

　　图 2所示为仅承受离心力的某机离心叶轮有限元计算

模型。计算时取转速、材料密度及材料屈服极限作为基本随机变量。为了对比,采用二种方法,

计算结果列于表 1。一种是本文所述方法,计算结果记为 A ;另一种为 Monte- Carlo 法,计算

结果记为B。

表 1　计算结果

可靠度 Re 破坏概率 P f 相对误差( % )

A B A B ( ReA - R eB ) / ReB

0. 996207 0. 996100 0. 003793 0. 003900 0. 0107

由表 1可知, 本文方法所得结果与M onte- Carlo 方法相当接近。
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AEROENGINE LIFE MONITORING

AND REAL- TIME DATA PROCESSING
He Jinglan, Hong Jie, Li Qihan

( 4th Dept. Beij ing University of Aeronautics and Astronautics, Beij ing　100083)

ABSTRACT　　　　Aeroeng ine load and life monitor ing technolog y play ver y impor-

tant role in monitoring and assessing operating condit ions, life consumpt ion and remaining

life of aeroengine. Aeroeng ine load can improve the safety and reliablity of an engine in high

performance operat ion, and reduce its direct operat ion co st . T he on- board life monitoring

sy stem requires the real- t ime analysis method of f lig ht data processing and life consumption

evaluat ion. T hr ee po int method, shortest sail- route method and rain- f low method are used

to conduct real- t ime data condensing pro cessing , including peak valley values inspect ion, un-

ef fectiv e magnitude value detect ing and LCF count ing for each f light . T he informat ion ob-

tained by the on- board life monitoring sy stem is very useful for life t rack on the data base o f

the engine parts.

Key Words　Aircraf t eng ines　Afterbur ners　T ransient process　Control problems

PROBABILISTIC FINITE ELEMENT STRESS ANALYSIS

FOR CYCLIC SYMMETRIC CONTACT STRUCTURE
Yang Zhiguo and Ying Zeyong

(Zhuzhou Aircraf t Powerplant Research Institute, Zhuzhou　412002)

ABSTRACT　　　　T he cyclic symmetr ic contact relation of cor responding node pair s

on cyclic symmetric contact surfaces is given and its derivat ive expression w ith respect to

random var iables is deduced. A probabil ist ic f inite element st ress analysis technique is devel-

oped fo r the basic segment of the cyclic symmetric contact st ructur e including random materi-

al property and load. A st ructure str ength reliability analy sis formula is also established w ith

the first- order second moment method proposed by Hasofer and Lind. F inally the st ructure

st rength reliability analysis for a centrifug al impel ler of an eng ine is carried out by using the

method presented. T he results show the ef fectiveness and pr act icability o f the present method

not only for the cycl ic symmetric contact st ructure, but also fo r other non- cyclic symmetric

contact st ructures.

Key Words　Symmetrical bodies　Probabilist ic methods　Finit element analysis　

Structural reliability

A STRUCTURE LIFE EVALUATION MODEL

AND ITS APPLICATION

TO DYNAMIC COMPONENTS OF AIRCRAFT POWERPLANT
Xiong Junjiang, Huang Xinyu, Gao Zhengtong

( 5th Dept. Beij ing University of Aeronautics and Astronautics, Beij ing　10083)

Gan Weimin, Sun Rulin, Sun Shuling
(Chinese Helicopter Research Institute, Jingdezhen　333001)

ABSTRACT　　　　The life of a st ructure is evaluated w ith it s safe- life design, and its

safety is ensured w ith the damage tolerant design, so the safe- l ife design and the damage
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　　在此值得指出,只要随机变量的分布特性是针对整个结构而不是针对单独一个基本段来

确定的,这里所建立的循环对称接触关系及其对随机变量的导数公式就是有效的。

对于有一对循环对称接触节点 i与 j 的基本段Ⅰ(图 1所示) , 利用上面建立的节点对 i与

j 处的循环对称接触关系及其关于随机变量的导数表达式, 引入文献[ 1]中的 4个乘子矩阵

[ C]、[ C1]、[ C2 ]及[ C3] , 可得修正后基本段概率有限元方程的统一表达式:

　　 [ K′] �[ {u} 1⋯{u-} i⋯{u-} j⋯{u} n] T

= [ { p 1}⋯[ C2 ] [ t2 ]
T
{ p i}⋯[ C] [ t2 ]

T
{ p i} + [ t2 ]

T
[ t1 ] { p j }⋯{ p n} ]

T

- �ij [ [ k 1i ]⋯[ C2] [ t 2] T [ kii ]⋯[ C1 ] [ t2 ] T [ kii] + [ t2 ] T [ t1 ] [ kj j ]⋯[ kni ] ] T [ t2 ] [ C3] ( 1)

[ K
′
] �

�{u} 1 / �x k

�
�{u-} i/ �x k

�
�{u-} j / �x k

�
�{u} n / �x k

=

{ p 1} x
k
- { p 1} f

x
k

�
[ C2 ] [ t 2] T ( { p i} x

k
- { p i} f

x
k
)

�
[ C2] [ t2 ]

T
( { p i} x

k
- { p i }

f
x
k
) + [ t 2]

T
[ t1 ] ( { p j } x

k
- { p j }

f
x
k
)

�
{ p n} x

k
- { p n} f

x
k

( k = 1,⋯, m) ( 2)

式中[ K ′]为修正的刚度阵,详见文献[ 2] ; [ kij ]等是原刚阵子阵; { p } i 是节点外载向量;且:

{u} i = [ t 2] { u-i}　,　{u} j = [ t 1]
T
[ t 2] {u-j }　,　�{ p i} / �x k = { p i} x

k

( �[ K ] / �x k ) {u} = [ { p 1}
f
x
k
　{ p 2}

f
x
k
　⋯　{ p i }

f
x
k
　⋯　{ p j }

f
x
k
　⋯　{ p n}

f
x
k
　]

T

�{u} i/ �x k = [ t 2] �{ u-} i / �x k　,　�{u} j / �x k = [ t 1] T [ t2 ] �{u-} j / �x k

这里的{u}是基本段的节点位移向量。有多对循环对称接触节点的公式与上述公式类同。

有限元分析中,单元刚阵及单元刚度导数的一般表达式为:

[ K ]
e
=∫v

[ B ]
T
[ D ] [ B ] dv　,　

�[ K ]
e

�x k
=∫v

[ B]
T �[ D ]
�x k

[ B ] dv　( k = 1,⋯, m) ( 3)

这里[ D ]为单元材料弹性矩阵, [ B ]为应变位移矩阵。

{R } e =∫v
[ N ] T { b}dv +∫A

[ N ] T { t}d s +∫v
[ B] T [ D ] {∃0}ds ( 4)

　　单元载荷向量及其导数的一般表达式为:

�{R }
e

�x k
=∫v

[ N ] T �{ b}
�x k

dv +∫A
[ N ] T �{ t}

�x k
ds +∫v

[ B ] T �[ D ]
�x k

{∃0}dv +∫v
[ B] T [ D ]

�{∃0}
�x k

dv

( k = 1,⋯, m) ( 5)

式中[ N ]为形状函数矩阵; { b}和{ t}分别为一点处的体力向量和面力向量; { ∃0}为初始热应变。

显然由式( 3) - ( 5)即可得到式( 1)与( 2)中所需的{ p i}、{ p i} x
k
及 �[ K ] / �x k。

元素内一点的应力向量{ }及其导数 �{ } / �x k 的一般表达式为:

{  } = [ D ] ( [ B ] {u} e - {∃0} ) ( 6)

�{ }
�x k

=
�[ D ]
�x k

( [ B] { u}
e
- {∃0} ) + [ D ] [ B]

�{u}
e

�x k
-
�{ ∃0}
�x k

( k = 1,⋯, m) ( 7)
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