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Estimation method for random sonic fatigue life
of thin-walled structure of a combustor liner
based on stress probability distribution
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Abstract: As to the sonic fatigue problem of an aero-engine combustor liner structure-under the random a-
coustic loadings, an effective method for predicting the fatigue life of a structure-tinder random, loadings was
studied. Firstly, the probability distribution of Von Mises stress of thin-walled structure under random load-
ings was studied, analysis suggested that probability density function of Von\Mises stress\process_ dccord ap-
proximately with two-parameter Weibull distribution. The formula for calculating Weibull\ parameters were
given, Based on the Miner linear theory, the method for predicting-the tandom sonic fatigue life based on the
stress probability density was developed.-and the_ model for fatigue life prediction was construeted. As an ex-
ample, an aero-engine combustor liner structure was considered. The power spectrim density (PSD) of the vi-
brational stress response was, calculated by using the coupled FEM/BEM (finite’element method/boundary ele-
ment method) model, the fatigue life'was-estimated by-using theconstructed model. And considering the influ-
ence of the wide frequency'band s the calculated results were modified. Comparetive analysis shows that the es-
timated results of sonic fatigue of\ the combustor-liner structure by using Weibull distribution of Von Mises
stress are more conservative than using Dirlik-distribution to some extend. The results show that the methods
presented in this paper are practical fof the random fatigue life analysis of the aeronautical thin-walled struc-
tures.
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Introduction

Nowadays advanced aircraft and spacecraft
structures are exposed to increasingly severe op-
erating environments, including a combination
acoustic and thermal

of mechanical, pressure,

loads. These loading conditions can cause struc-
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tures to exhibit complex response characteris-
tics. For thin-walled structures subjected solely
to high intensity acoustic loadings, random vi-
bration response can be caused, and as a result,
sonic fatigue, as a high cycle fatigue, can cause
cracks in structure. To help ensure structural

integrity, an evaluation of random sonic fatigue
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life is required. Generally, the total fatigue
damage may be determined by using the
Palmgren-Miner rule. S-N curves are usually
determined for uni-axial stress states. However,
in a real environment, stresses will not be uni-
axial, but bi-axial or in the most general case
multi-axial. Many of them are based on the criti-
cal plane approach. Alternatively, it is possible
to calculate an equivalent stress from the multi-
axial stresses, which can subsequently be used
to perform uni-axial stress-life fatigue analysis as
described above. Popular used equivalent stres-
ses are Von Mises stress, the maximum princi-
pal stress and the maximum shear stress. The
Von Mises stress is a non-Gaussian random
process whose probability distribution is hard to
determine, even in linear structures under
Gaussian excitations. This makes it difficult to
estimate the probability distribution of the ex-
tremes of Von Mises stress. Techniques for ob-
taining approximations for outcrossing-probabili=
ties of non-Gaussian processes have.been dis-
cussed in the Refs. [ 127\ Grigoriu-obtained ap-
proximate estimates for the mean ‘outcrossing
rate of non-Gaussian, translation processes—by
studying the outcrossing characteristics —of a
Gaussian process obtained from Nataf’s transfor-
mation of the parent-fion-Gaussian process-*.
Segalman et al have derived and presented an ex-
pression for the cumulative probability distribu-
tion for Von Mises stress resulting from random
loadings that are Gaussian and of zero mean-**'.
This paper develops a methodlogy for estimating
the random sonic fatigue life of thin-walled
structure. The emphasis is put on the approxi-
mations for the probability distribution of ex-
treme values for the Von Mises stress in linear
structures under band-limited Gaussian white
noise loads. For this purpose, the probability
distribution of Von Mises stress of thin-walled
structure under random loadings is investigated.
Analysis suggests that probability density func-
tion of Von Mises stress process accords approx-
imately with two-parameter Weibull distribu-

tion, the formula for calculating Weibull param-

eters and the broadband stochastic process Dirlik
equation are given, as a result, the probability
density function and the peak probability density
function of Von Mises process can be deter-
mined. For a numerical example, applying the
coupled FEM/BEM ( finite element method/
boundary element method) model, the vibration-
al stress response power spectral density (PSD)
of a combustor liner under random acoustic load-
ings is calculated, and then, applying the meth-
od given in this paper, the fatigue life is predic-
ted. The analysis results show that the method
is suitable to the random fatigue life analysis of

aerofengine structures.

1 Probability density of Von Mises
stress
1.1 Probability density function for Ven Mises stress

The fatigue crack usually appears on the
surface of structure. 1f the surface is in the con-
ditien_of-plane stress, VonMises stress can be

defined as follows'™,

= 5+ & — 5.5, 35, (D
Where s, is Von Mises stress, s, s,and s,, are the
normal and shear stress components respective-
ly. When the random acoustic loading is Gaussi-
an white noise, the stress components are zero
mean Gaussian random processes.

How to accurately determine the peak value
probability density function of stress response is
a key factor in estimating the cumulative dam-
age. Based on this, in Ref. [8], the probability
distribution of Von Mises stress is verified to o-
bey two-parameter Weibull distribution. When
s, = 0, The Weibull distribution function can be

expressed mathematically as follows:

p(s) = ’—”[‘—J ‘—J 2)
e 7 }

Where p(s,) is the probability density function

n—1

exo[ -

of Von Mises stress, mand pare Weibull Param-
eters.

The expected and variance can be expressed as:

E(s,) = gl

1+iJ (3)
m

¢ (s) = ﬂr[l +%]—r2 [Himﬂ )
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Where I' is the Gamma function.
1.2 Peak value probability density function for
Von Mises stress
Generally, the peak value probability densi-

ty function (PDF) of a Gaussian random process

X (0 can be obtained by its joint probability den-

sity function. But for a non-Gaussian process,
the joint probability density is difficult to get. It
is discovered that the response of a weak damp-
ing system may be regarded as narrow band ran-
dom process. Based on this, the peak value PDF

of Von Mises stress can be expressed as™™ .

Ui 1

L[s+ E(s) — a(sv)]'hzexp{_ [w ECs) — (s,

p(s) =

2 Dirlik equation for broad band

Processes

2.1 Spectral moments and bandwidth

PSD function G(f) is a description of sta-
tionary random process in frequency domain.
The norder spectral moments of PSD function

m, are defined as follows:
e
m, — J; PGS )

For a Gaussian process, \the expected-rate of
occurrence of peaks v, (i. e. peaks per unit time)
and the expected~Trate of. mean up-crossings
V'(S) (i.e. crossing with positive slope of thé

mean value per unit time) are also known:

_ /My + _ M
vp—/mz, VTS /7710 D)

In order to characterise the shape and the
geometrical frequency of a given spectraum, it’s
practice to define bandwidth parameters as func-
tions of spectral moments; the most used band-
with parameters is 8.

my

= - (8)
B A mymy

2.2 Dirlik equation

Instead of using one Rayleigh distribution to
represent the probability density function of
peaks of a broad-band stress process, Dirlik ana-
lyzed dozens of different shapes of PSD function
by numerical simulalation, and proposed a semi-
empirical model which is a mixture of one expo-
nential and two Rayleigh distributions. This dis-

tribution was designed to approximate the stress

[F{l +ﬂ ]Hexp{— [P[l +#J ]}

)]m} . {m[s-f— E(sv)*d(.\'\,)]mim_’_l}
L]

(5

range distribution for rain-flow counting P,(S).
Dirlik derived his equation by fitting the shape of
a rain-flow range distribution. The associated
parameters were determined by minimising the
normalized error hetween-the train-flow ranges
and his modet=*!?,
Dirlik’s-formula is
P,(S) =
ﬁ[%ey’q + %_2226—:2/<2RZ> + D, ze—zz,fz:|
D)
where
D, = 2Cx,— )/ + )
D,=0—r—D +DH/Q—R
D;=1—D — D,
2= s/(2/m)
Q=1.25(r—D; — D,R)/ Dy

R=(r—x,—D})/(1—+r— D, + DY)
r= mz/m
2 = Coy /o my [ my

(10

3  Weibull parameter estimation and

Kolmogorov-Smirnov (K-S) test

3.1 Weibull parameter estimation

The cumulative distribution is obtained by
integrating Eq. (2) and takes form:
F() =1—e (D" (1D

’ b

The scale ‘%’ and shape parameters *m
were estimated using the method of maximum
likelihood estimation (MLE) as follows* ;

= HLJZ»{T (12)

nJji=
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m= [(2 'nx) ( > x}?')il — ' D>l 11171
i=1 i=1

i=1
(13)
3.2 Goodness of K-S test

In order to verify the goodness of the proba-
bility distribution model to stress data, the K-S
test should be conducted. According to the K-S
test method, the distribution function of the
parent set X is defined as F(x), while the em-

pirical distribution function (EDF) is

JO l< X
F,(x) = f o << 2 < a1 (14)
1 x= x,

where i the cumulative frequency and n is the
sample size. Define the statistical terms D, as

D, = max | F,(x,) — F(x) | (15)

1<<k<in

The critical value of D,., can be found in the
critical value table of the K-S test. If D, <D, .,
then the distribution fitting is good, otherwise
the fitting is not satisfactory. Usually, the sig-

nificant level ais taken to be'0. 05.
4 Random:sonic fatigue life estimation

4.1 Sonic fatigue life model

The fatigue life of components is“determined
by the material mechanical properties and stress
level. The relationship between alternating
stress amplitude S and number of cycles to fail-
ure N for many materials typically follows the
S-N equation;

SN = C (16)
Where b and C are material parameters.

From Palmgren-Miner linear cumulative
damage theory, the fatigue life of the structure
can be obtained:

[P

-1
N(S) ds} » ELO]

N, = TE[0] = [vp

an
Where N, is the numbers of cycles to failure; w,
is speed of stress peaks; E[0] is the number of
upword mean crossings per second which is e-
qual to VI(S); P,(S) represents the probability

density function of stress cycles.

4.2 Wide-band revision of the fatigue life

As for the wide-band random vibration, at-
tention should be paid to the influence of the
partial peak values on the fatigue life. Wirching
P H has corrected the fatigue life according to
different shapes of the stress response PSD, and
obtained formula for life estimation which is
suitable for the wide-band random vibration.

A

N\l - (18)

Where N, represents total number of cycles to
failure after the revision. The relation of the
correction factor A, material parameters m, ir-
regular factor §is defined in the formula as fol-
14

lows

A= 0.926 —'0.033m+

(0074 +0..083m) (1 —/1 — ) LAs7m 23329
(19)

S. Numerical example and discussion

Apply the‘method developed in this paper to
estimate the acoustic fatigue life of an aero-en-
gine.combustor liner, which material is GH536,
with mass density p = 8. 230 X 10° kg/m?®,
Poisson’s ratio v=10. 3, Young's modulus E=
1. 855X 10" Pa. Boundary conditions: according
to installation form of the liner; the degree of
freedom (DOF) of five positions on the heads of
the liner are restrained in X,Y, Z direction, and
the DOF except the axial direction on the rear

end of the liner are restrained.
5.1 Acoustic load and S-N curve fitting

The acoustic load considered in this paper is
the Gaussian band-limited white noise. The
bandwidth is 8 ~ 1024 Hz, the sound pressure
level (SPL) are 140 dB and 160 dB respectively.
The material GH536 fatigue data are shown in
Table 1. Using Basquin fatigue life model, the
fatigue data are fitted to obtain the expression
SH%18 N=10"""" The correlation coefficient of
fitting is 0. 999 3, so the fitting effect is better.
It’s reliable to estimate structure fatigue life u-

sing Basquin fatigue life model.
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Table 1 TGHS536 fatigue data

Variable Data

Stress amplitude/MPa 420 402 378 373 367 365

Fatigue life/10° cycles 0.5 1 5 10 50 100

5.2 Response of the combustor liner under

band-limited white noise loadings

This paper calculates sonic fatigue stress of
a combustor liner using the coupled FEM/BEM
model. The FEM model of the liner is show in
Fig. 1, which illustrates the typical nodes posi-

tion selected for analyzing.

Fig. 1 FEM-model ‘and typical nodes

position of the liner

Fig. 2 illustrates the Von Mises stress PSD
at node 2632 (dilution ‘\air hole edge”on inner
skin) under sound pressure leével 140 dB and 160
dB. Frequency spectrum-analysis of the calculat-
ed stresses shows that there are many peak val-
ues in the liner stress response within the fre-

quency band calculated. Comparing with the na-
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Fig. 2 Von Mises stress power spectral

density at node 2632

ture frequencies of the structure, it can be found
that the response to acoustic excitation is of
multi-mode characteristics, therefore, the fre-
quency construction of the response spectrum
must be considered in anti-fatigue design.

Fig. 3 and Fig. 4 illustrate the mean square
Von Mises stress at selected nodes under sound
pressure level 140dB and 160 dB. It can be seen
that the influences of sound pressure level and
nodes position to the mean square response. Mo-
reover, for having used linear model, the stress
responses under sound pressure level 140 dB and
160 dB have the similar frequency construction,
but the amplitude value increasing in proportion

to sound pressure.
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Fig. 3 Mean square Von Mises stress at selected

nodes under sound pressure level 140 dB

—
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Nade number

Fig. 4 Mean square Von Mises stress at selected

nodes under sound pressure level 160 dB

5.3 Probability distribution of Von Mises stress

response

These parameters values m and 7 are ob-
tained by solving Eqgs. (15) and (6) for estima-
ting the shape and scale parameters by using
maximum likelihood estimators. By calculation,

the node 2632 under sound pressure level 160 dB

which parameters values m and 7 are obtained.
m= 2. 242 14, n=108. 051. Fig. 5 shows the
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probability density function plots of Weibull dis-
tribution for the node with the histogram density
plot superimposed on the PDF. The distribution
of two-parameter Weibull distribution is appar-
ently skewed to the right, which is consistent
with the histogram density plot superimposed of
Von Mises stress data. While, Fig. 6 shows the
cumulative function plots for the Weibull distri-
bution and compared with the empirical cumula-
tive distributions of the stress data. From
Fig. 6, it can be seen that the two-parameter
Weibull distribution is closer to empirical distri-
bution that was obtained on the basis of the

measured Von Mises stress data at the node.
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Fig. 5 Probability density function of the

Von Mises stress at node 2632
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Fig. 6 Cumulative distribution plot of the

Von Mises stress at node 2632

The statistical term D, is obtained by sol-
ving Eqs. (21) and (22), which is 0. 045 06.
From the table of the K-S test, the value of D,_,

is 0. 13403 with the sample size is one hundred,

and the value « = 0.05. The tests support the
conclusion that the two-parameter Weibull dis-
tribution provides a good model for distribution
of Von Mises stress data at the node.

Fig. 7 shows a comparison of probability
densities between the two-parameter Weibull
distribution and Dirlik distribution of the Von
Mises stress at node 2632. The distributions of
both the two-parameter Weibull distribution and
Dirlik distribution are apparently skewed to the
right, which are consistent with the Von Mises
stress data even though the peak stress of
Weibull distribution shows a bit higher than that

Dirlik distribution.
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Fig. 7 Comparison of different probability density

functions of the Von Mises stress at node 2632

5.4 Fatigue life estimation and result analysis

According to the method for structure sonic
fatigue life estimation presented in this paper, u-
sing Basquin fatigue life model, computer pro-
grams are made to estimate the fatigue life of the
combustor liner. Computed results are shown in
Table 2. By analyzing the fatigue life estimation
results at the typical nodes in the liner struc-
ture, the following conclusions can be found:
(1) The fatigue life at the node 4793 is shortest
under sound pressure level 140 dB, with sound
pressure level increases from 140 dB to 160 dB
the fatigue life at the node 2632 and 652 is rela-
tively short. Stresses concentrate at flame tube
lips, areas near thickened edges and the edges of
holes, where fatigue life is relatively short, so

special attentions are needed for these key areas



