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Dynamic characteristics analysis of aero engine casing structures

with viscoelastic damping materials under elastic supports
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Abstract: The analysis approach of the casing with viscoelastic damping material treat-
ment under arbitrary elastic supports was proposed for the requirement of the vibration con-
trol of aero engine casing. The casing was considered as a thin-wall cylindrical shell. Then
the governing dynamic equation of casing treated with the constrained layer damping was es-
tablished, in which the effects of shear stress due to viscoelastic damping material were con-
sidered. By introducing a series of boundary spring elements, the boundary load of the casing
was transformed into the elastic potential energy of the spring, and the effective simulation
of the arbitrary boundary support stiffness on the casing was realized. Results showed that

the increasing boundary stiffness could improve the natural frequencies of the casing, while
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the sensitivity of the damping characteristics to the support stiffness was opposite to the nat-

ural frequencies. In addition, in the design process of engineering casing, the satisfactory

structural dynamic characteristics can be obtained by strengthening the circumferential and

normal stiffness of the supporting structure.

Key words:

casing; thin-walled cylindrical shell; viscoelastic damping materials;

elastic edges; dynamic characteristics
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elastic support

1.6 FEMAREEE-BFEREZTHNELE
1 A 3 2 (3) 5 50 (4 /Y A8 JE Bl i Ok
F A 7B R AR RO L TEA SRS Ty
T SRR iff o i v o 06 5L P L 2 - TR A e AR
AL Al LS pan g s
Ju,== e " cosndU,; (&)

<{v; = e sinndV; (&) (i = s,c)

lw = e ™ cosndW (&)

€))
Forbr n Ry B 7€ 10 BF 1] 3 5500 o A 58 1 1Y [ A 4
FLRAAESEAE oy 2 J7 YR BY R BN V(9

WO FRR . TR 4R Y pR B H AR A 1 7 1k
Z I AP R B WL SCRR[21-22 ],
IR AT S B L 2 2 5 2 TR )2 0 S RE A
TN ARAT 5 580 BHL 6 v B [ A 5 1 S AV BB
U=U,+U +U +U,, (9
MR SCHk[21-22 ] Rayleigh-Ritz 3 4b 38 i
T SRR S RS T R R A 2 R e - R
B4 72 I RRAEAE AT LS B an R B X

2 — Ume\x + Uspr

Tnum ( 1 O )

w

Hrp
Unix = (U max T (Ut max T (U max
(11)
¥ 3 (10D X % 7Y bR B5Hp 9 15 2 R BRI S
BB AL, 7T AR B Ry AN F
(K + iK™ + K, —o'M]X =0 (12
HhX={a b ¢ d e}' HEZME./=—1
S REEC. KRy W L K™ Dy R G R B2
ARk Sk 1) 5O I L K, Sk 00 S W R B, R 5K
Xh
K. K, K. K. K.
K, K, K, K. K,
K* = |[K' K! K. K, K.
K., K} K, K. K.
K., K. K. Ki K.l
(13a)




1418 i %= B % M 35 &
K., K. K. F1 FHMEE-HEREHETEMRILASH
K, K, K, Table 1 Physical and geometrical parameters of the
Km — K K thin-walled cylindrical shell with viscoelastic damping
K L/FUIRy WEESEAR BEE ARE
K. |snesn | B /mm 105 100 100
(13b) 47/ mm 145
(ks ks 1
J&JE /mm 1.5 0.5 0.3
ks” ks”
K ks %/ (kg/m®) 7800 999 2700
wor — s
ks Jes P & /GPa 206 Gy 70
L ks™ ks | onven THAR L 0.3 0.3 0.3
(130 1 :G=0.796(1+0.951) MPa,

3 (13) H 2 P EL AR 1) 3 3k o AL R 5
Fh o B 8 - THE B [ A 5 3l ) 2 O R Y T 4R

HE M 2K
M, M, M, 7
M, M, M,
M= |M; M. M, M.,
M u—EI M IJ M dd
My M} M. Jsysn

a4
ENQEOL tF N NILE SN WN
SR IT A (12) ] LARAT SRk SO A R
b S B e - BE 7 [ AT R

2 HEUHEEREAHERERTA
RAIX I 52

T B AEAS ST i B4 iSO R o A o
5 FT7 i F T 29 oK) BH Je - BE [ AT 7 1 T
PSR . 5 Hmd R 9k 29 R BHL e -l BE (5
HESEM BB S HAL R S 8k 1 PR . s 1
5L 1K D Q235 4. & o 1k B JE A Ry DY-
AD606 . 4 HUZ R . 18] 5 o Bk 2 o2
BHL e 18 P e ] Jo] 2 A 24 A SR BB 4 A Sl H
b AU L [ - R SR AR

RhapL:
PR

AR=

Pl 5 ki P B - v R B A e 1R 1

Thin-walled cylindrical shell with viscoelastic damping

Fig. 5

FE T RESL b, — ot WU EE R 107 N/m (1Y
5B IN Ry S W SR PR T AT T R (A
Fe N 8 o B i A DY A i R N kL =
k= ke, = ky = 10" N/m 0L [8 € 1 5 5 — i
ky =k, =k, =ky=0N/m #{l A A, @i
IR 25 0 AT RAR SR AT 45 SR AR 14 [ A 0 3R A 25
BAEA X b 2 A3k 3 B, BEASJR B An
6 BT/, fEFR 2.3 3 Py il T O I iR 22 (19 I AT L
SHL 1 L e - B I5 A 7 R AT 4 B B 1) 35 B R R O
AP . Y n="5 mF A8 p 25 R 5 A
TR [E AR SRR 22 O 2. 84 06 . B A 3R 1] 1€
B R . SLR AR S A R ETE SV,
2 n=9 I IR I Y 45 28 5 AT T R S
FEIH T45 AR 220 13. 2%, % 1 1) 45 4 A0 A
JEE )53 ) 3 A 2 401 D 1 % 2 Y L 7 W 4 32 3
Mo ARGESCRRL 22 i 20 B 3 3 s 3k BB 22 2 5K
T U CND B2 Wi 3 530 (9 4 J3E 5 A S 32 DU T
W N=15 TPl X i 2 5% 3 RUIA
ST T 8 i B 22 T SRR B U B AT A iy
(R BE I it B e i R & B

R2 FEMAR-HEREHETERHE
Table 2 Natural frequencies of the thin-walled cylindrical

shell with viscoelastic damping

Gms ) KSR/ He  ARSCUEHT/He 3R/ %
(1.5) 1030.9 1060. 2 2.84
(1,6) 1053.2 1067.6 1.36
(1,1 1125.3 1135.6 0.91
(1,8 1301.4 1326.1 1.89
(1.9 1520.3 1490. 9 1.93
(1,10) 1761.7 1782.2 1.16
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Table 3 Model loss factors of the thin-walled cylindrical

shell with viscoelastic damping

BSBURER T/ %
Gn n) BwE/%
AR AU
(1,5) 1.11 1.27 7.08
(1,6) 2.34 2.45 4.48
1,7 4.41 4.01 9.97
(1,8) 5.02 4.52 11.1
1,9 4.79 4.23 13.2
(1,10 3.39 3.76 9.87
@ n—6 n=1

[ 6 o BH e - R [ AT SE R A PR Y
Fig. 6 Experimental mode shapes of thin-walled

cylindrical shell with viscoelastic damping
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Fig. 7 Vibration characteristics of thin-walled cylindrical
shell with viscoelastic damping with respect to

wave number n

3.2 BEDAFHBUEAREEE-FREER
BB Fr T
BEX) AR SCBR P T2 A7 AR R AR R S
DU A SCHRE AR T 58 5 1 0 Ak AR S5 B L ]
SR S A B R 2 A B4R B TR LR A B B Y R



1420 G o

= % % i

%35 %

PE . AT RB R B )2 & R A 5e 1 S D7
2N — 3 [ 32 I — o o SV SCHE AR TSR AR
BB 18 A 57— i P9 N T 3 S ) 2 TG R K ke A5 411 [
SE T FE AR 5 — il (4 N T N (2K AR
b, BRGNS k) = &0 =kl = ky = 10" N/m, &k} €
[107%,10" ], j=u, v, w, 0,
8 g Al 1] 2 PR m =1 IR ] L n =5, )
(1, 5) B AR Y A9 8 ot 1 (8 A 52 1) 4 20 4 1k Bl
T T RE AR Al O AR il 2k HE P B 8 Ca) SRy [ A
LB 8(b) MBS HAER F. 24 A T3 A5 3% Ji
BE R =k =k, =k)=10" N/m,k, =k =kl =
=0 B, F Pk BH S - BE B AT 52 o — diig [ S —
i A i (C-F) S8, LA 8Ca) s 1) [ A5 5 %
B, 25 N LRI AL T ki€ [107°,10° JIX [|] 42
A A7 430 36 il 48 Oy — 2% 7 A7 90 35 I i i)
2 I ) B 0 N R 1) el A8 O A I S R e
S BEL e - VR (B A 5 1 [ A 0038 L I e R R )2
G B FE 7 18 SCHE T ATY AR H2 3 ) s 1 B S
Do WA N I 3 T S 5 3 O 2 8 3 Y
BT k€ [10°,10° JIX[A] P I [ A7 450 58 hy 58
) R 3 Y PR B, A X AN [ 1) Y 3
S I R 2R 1k ) N AR R S d R ) [ A 5
MG A3 . Y BT Y SR W RE G TC R K, R
ki € [10°, 10" JHs o AT 30 36 M B A9 o5 28 XoF 255 o
BHLJe - v BE 5] A2 7 [ A A %8 52 e AR /I . X Eb AN ()
D5 1) () N L83 D 5 B 1) I B e, % [i] A 48T 232 )
5] e Ry SRR LU Bl 1 M BE ke, 1 I E e s
FHEE W FE Ry X5t [ 431 58 52 i AR /N
P 8 (b i ik 1 A 25 45 G Y 1 B A S NI
A gL . S5 8Ca) h i &b e B A —
Bove, Y SCHENNE ke [10 7,107 48 X a] 42 1k
o 66 5 RELJE -l B 58] A e 1) A5 25 R IR il £k
53R AT T W EE A s il A 2 UE W AE I X ]
DA I R 3 S A OO0 T i L Je - R [ A 5

2600 — T
00t i
200f K

= 2000}

té“ 1800 f

£ 1600
1400 f
1200 f

1000 £EEEEE 4 ¢ o440 e

-3-2 ]0123456789101]12
Ig k. (j=u. v, w, 0)
(a) [EIATHIAR

BASBFEH /%

—0— k“
—— kv

— k
w

k()

0—3—2—10 1 23 456789101112
Ig k/ (j=u, v, w, 0)
(b) BESHFER ¥
P 8 ok BHL Je - B [ A% 7 Uk 3 4 1 Bl S 4 W) B
A (n=5)
Fig. 8 Variation of vibration characteristics with brace
stiffness for thin-walled cylindrical shell with

viscoelastic damping (n=5)

SRR TRAWEWREMR, £ L
[10%,10° JIX ]+ il S 4% W J5E (9 389 o 5 285 452 AR
PR DAy S A I 9 B8] 338 D R KR JX — 8 s
5 ARG LR . T B SR k€
(10", 10" Jisf . 76k 1 FHL & -1 B [5] A 7 1 25 i e
PRl N 9 55 O 8 A AN i [ I R i
B Je -4 B [ A 7 F) A 25 453 6 D 7 32 36 1) W EE &,
S0 SCHEW L ko B R R B K 2L W &y
SRR/

3.3 ARBMLAFHEEAREEEEA T

B9 5B 10 4l A 0 BRI % 2248 A 4
ﬁiﬁm}i%ﬂ*ﬂﬁ%%%(l, 5) ML 1 4k 3h 47
PER SR . g 78 =0 Kb i N L NI B2
g [ E AL B R =R =R =k) =10" N/m, 7
=1 Kb WA I 1) i N 3 I B TG PR K L
RPN NTHEELE kf € [10 . 10" 130 [l N Ze
A

FEEL 9 v, 25 B JE - RE (5 A 52 3k S

2600
= 2500
N' 2400

‘
‘ \
\\\‘“ \\

l
= 2300 ' LA
Rland 'l" 'lllll ’l %2
E 2200 \\\\\\ \\\oo'lZ"l‘, ,:'"%,z‘,,,,
2100 \\\\?3 """"' " 77 "“1“
»
0: 2, "

(a) FATAR



BT RBAFE Ak SORB O B i 2

S R S L RE HLIE Bl ) 2 R0 2 A 1421

25 =
g N \\\\
& 2.1 “\‘\“
iy

w18

RS
=
=

II

ll
\2222;;;3'!‘
==

—
(=

(b) HFERH T

B9 ik sl v Bl i 5 BE AR A (R = RV = 10" N/m,
R e[1077, 10" ], €107 ,101" D
Fig. 9 Variation of the vibration characteristics with
respect to combine boundaries stiffness

(R =k =10" N/m, kP € [107%,101 ],
EVe[1077,10" D

. o7 “o‘tss‘\
i “‘ \\\

2500
i 2000 \\“ =
% \\\\\\\ ’llll ’II 7
£ oo .‘}“‘“\\3 33& 455,!11!%'5’ ’Ill""l ‘
500 ‘l‘\%g& l ,A‘
6 6
e % 0 = g K
() AT

25 4
INS 57 5552

% 20 42"3},;'; -

o ' SR\
zLs ",',',';:zo/zz'.‘\\\\“
= 10 = ““\\\
¥ 05 ' \ \‘
® 22

(b) HFEH T

B 10 R SRR B 2 AR AR AL (R =k = 10" N/m,
}\’21) 6 [10*3 ’1011] 9k,ﬁ1) e [10*3 71011])

Fig. 10 Variation of the vibration characteristics with
respect to combine boundaries stiffness
(P =D =10" N/m.&" €[10 7.10" ],
kD €[107°,10" D

i {4 S 4% 7 3R Al g T30 S s S L N T
SR N TG RROR B £V = &7 =10" N/m, 4
o N TS kY Sk m N TS £y 1R 7E
DXTRILTO 2, 10 198 Fl P £ P 1 im ik o 61 A 49046
FoORIFRE A B AEL 10", 10" TR 32 i F P 4 38 3
B4 R NI AE 10° N/m R B [ A 4
ARBEA O W RE 3G N . 5 T AR AR A
S B ARG R 1 Bl B0 1) SCH 900 &, 5 3 1 5
B ke MMIBEAE X E] L2107, 10" T4 Bl P9 £ 1 38
I 286 L BEL T -0 B (58] A 7 1 RS 40 R TR 1 e R
R (- i Jm AE [ 107, 10% T 52 ¥ B P o 38 5 ik »
i ORI EEAE 10° N/m DL R 35 25 40 6
¥ B A 5 R RN, R AR 9
PR — 45 N T3 NI T (9 F 1 151 (2D &)
) 25T A 90 0 RS 285 458 TR 1 B O — 4> SCHE
2D EAS A oL 5 18 7 R AR e S R A —
k.

P10 S AT N T 5 B IR 5 ik 1) N T 9 8

W 2 %) s 5F 1 249 SR BELJE -9 BE [ A 52 19 (1. 5D [

AR MBLS AN TR 2. | 10 75
{10 Z8h A BELJE (B A 7 S AR ) N T 598 5 A 1)
NSRRI k) =k’ =10" N/m. 5 AT
o Ry AN N SR £ E[10 7, 10" JIX [H]
WERPEAEAL . X — &5 R 3 T 3 BE [5] : 7c 0 1F 1)
[ A P 0 BEL JE AR M 0 1 W B — T Y
UK E 7L AELT0" L 10° T DX TE] P 3 RE [ A e 1Y
[ A 0 3 R 25 45 R DY Hh B 20 9 A2 4 L D9 it
e A S B v L 51 3 O 0B B ey T SCHE M R AR
s EES IR . xS HE R 9 5 A 10, B2
FEIN 715 [ A 430 R A AR R 9 2 A 4 X LA
FEBEA .

(EAFHE Rl o 9 S 18T 10 /92 #r
ARG A H TR N TS AT S AT
SREE R A IR I PR R, A PR R
IREDUELT IUE S KESE ALUN I N S e
O Xt X AN T3 1) B4 a0 S R T LR A T A
T SCAE AL IR B 5 2 5 R I 0 I B0
SCHERILIFL CHE 25D 1 21 16 W J3E 1% 1) W€ o DR TE AL
[FFL TS 06T 149 3l T A R R ARE

4 & &

A SCEP R AHLE S 8 A 5 WA T
i 1 B SRR A 24 SR 2 L JE - 2 T A
HAE B 12 A BT SR R b R 48 g Ak
R B R 5 1 B M T T R B - e I



1422 A |

Vi)

EE

%35 %

e B SR Ty 1 R R T R SR 2 R B
Je - RE AL 52 3 1) 2 o3 M 05 1 - RGURTIE T Rt
PEBH JE I8 7 31 77 2 4 1 | BHL e i 1 B i 2 2
9 L i 5 A A R

0 Ao A 2 1 M B ) 3 AR ST 48 e
I 3 N T 5 R A UL Bk ST 9 B e -l R
58 R 7 F) D7 3+ A T A IR T R A R R i B
SCAEE B R L BEL JE -3 BE [0 A e [ A R IR S RS
FURE R 723 B (9 Ak b ) I R A T R
JE o T B PR S A A A AR R S B AE
TS RV 5 1) R ) RO B R 2R )R
BEL J& -3 B 94 1 5 ] A7 R P A 25 B A8 TR 1 X 52
P FUURMEREAR . 7R SRR BH T R A e SCHE
FRANE SIS OL T B 0] W JEE &, 68 8] A 1 19
532 W) 5 Ay AU G R Bl 1) P 8 A 2% 1l W E L LA
510 2 L DO JE X i A AR P R TR e /DN o TR AE
WEREFE R IR ME TR Bt i AR b L AT DA 2 i
SCAR S (0 B 1) R 1) R0 RE S R A T R 45 4 B
A

e A 8 i 18 ok Rk PR BELJE Bk AR O X R
AT RORE A SR A 58 D7 3k 4 R L T SR S 0
2950 BHLJE 1 BE (9 A 7 3l 7 24 a3

S 3k :

[1] KERWIN J,EDWARD M. Damping of flexural waves by a
constrained viscoelastic layer[ J]. The Journal of the A-
coustical Society of America,1959,31(7):952-962.

ROSS D, UNGAR E, KERWIN E M. Damping of plate
flexural vibrations by means of viscoelastic laminate in
structural damping[ M ]. New York: ASME,1959.

[ 3] MEAD D J,MARKUS S. The forced vibration of a three-
layer, damped sandwich beam with arbitrary boundary
conditions[ J ]. Journal of Sound and Vibration, 1969,
10(2) :163-175.

RAO V S, SANKAR B V,SUN C T. Constrained layer
damping of initially stressed composite beams using finite
elements [ J ]. Journal of Composite Materials, 1992,
26(12):1752-1766.

[5] RAVISS,KUNDRA T K,NAKRA B C. A response re-a-
nalysis of damped beams using eigenparameter perturba-
tion[J ]. Journal of Sound and Vibration, 1995, 179 (3):
399-412.

ZHANG Shaohui, CHEN Hualing. A study on the damp-
ing characteristics of laminated composites with integral
viscoelastic layers[ J]. Composite Structures, 2006, 74 (1) ;
63-69.

PAN H. Axisymmetrical vibrations of a circular sandwich
shell with a viscoelastic core layer[]]. Journal of Sound

and Vibration,1969,9(2) :338-348.

[8]

L9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

ALAM N, ASNANI N. Vibration and damping analysis of
a multilayered cylindrical shell:Part | theoretical analysis
[J]. ATAA Journal,1984,22(6) :803-810.

ALAM N, ASNANI N. Vibration and damping analysis of
a multilayered cylindrical shell: Part [[ numerical results
[J]. ATIAA Journal ,1984,22(7) :975-981.

BRA AL E 4 S BT R BT 0 R R
dFRR CLD [ A 52 3 J3 2 40 7 [T 0. i = 24 4k, 2007,
28(6):1487-1493.

LI Engqi, LI Daokui, TANG Guojin,et al. Dynamic analysis
of cylindrical shell with partially covered ring-shape con-
strained layer damping by the transfer function method
[J]. Acta Aeronautica et Astronautica Sinica,2007,28(6) ;
1487-1493. (in Chinese)

XIANG Yu, HANG Yuying, LU Jing, et al. New matrix
method for analyzing vibration and damping effect of sand-
wich circular cylindrical shell with viscoelastic core[]].
Applied Mathematics and Mechanics, 2008,29(12) ; 1587~
1600.

ZHENG Ling, QIU Quan, WAN Haochuan,et al. Damping
analysis of multilayer passive constrained layer damping on cy-
lindrical shell using transfer function method[ J]. Journal of Vi-
bration and Acoustics,2014,136(3):031001. 1-031001. 9.
RAMESH T C, GANSEAN N. Orthotropic cylindrical
shells with a viscoelastic core:a vibration and damping a-
nalysis[J]. Journal of Sound and Vibration,1994,175(4) ;
535-555.

RAMESH T C, GANSEAN N. Finite element analysis of
cylindrical shells with a constrained viscoelastic layer[ J].
Journal of Sound and Vibration,1994,172(3) :359-370.
RAMESH T C, GANSEAN N. Influence of constrained
damping layer on the resonant response of orthotropic cy-
lindrical shells[J]. Journal of Sound and Vibration, 1995,
185(3) :483-500.

CHEN L,HUANG S. Vibrations of a cylindrical shell with
partially constrained layer damping (CLD) treatment[]].
Journal of Mechanical Sciences, 1999,
41(12):1485-1498.

WANG H, CHEN L. Finite element dynamic analysis of

International

orthotropic cylindrical shells with a constrained damping
layer[ ] ]. Finite Elements in Analysis and Design, 2004,
40(7) . 737-755.

HU Y C,HUANG S C. The frequency response and damp-
ing effect of three-layer thin shell with viscoelastic core
[J]. Computers and Structures,2000,76(5);577-591.
DOUGLAS B E, YANG ] C. Transverse compressional
damping in the vibratory response of elastic-viscoelastic-e-
lastic beams[ J]. ATAA Journal,1978,16(9) :925-930.
ZHENG H.,CAI C,PAU G.et al. Minimizing vibration re-
sponse of cylindrical shells through layout optimization of
passive constrained layer damping treatments[ J]. Journal
of Sound and Vibration,2005,279(3) :739-756.

SONG Xuyuan,ZHAI Jingyu,CHEN Yugang,et al. Trav-



BT RBAF IR SORF A B - 2 S Sh AL REBILIRL B g 2 4 1 23 1423

eling wave analysis of rotating cross-ply laminated cylin- [22] SONG Xuyuan, HAN Qingkai, ZHAI Jingyu. Vibration
drical shells with arbitrary boundaries conditions via Ray- analyses of symmetrically laminated composite cylindrical
leigh-Ritz method [ J ]. Composite Structures, 2015, 133 shells with arbitrary boundaries conditions via Rayleigh-Ritz
1101-1115.

method[ J]. Composite Structures,2015,134:820-830.
M 3R
FCL3) v P B2 R A e i 3 ) 4 LAy b U R

2

. (1— )
K =J [R}go,j(é)go <s>+%%<s>¢ (s)} c

L

2/,4\ }
e ev (o) |de,
L[ L so S ey (&) |dE

7{& A=pd (R H N\ L }
K= (T T1)e @@+ : (72 + 1512 e @gs' @ |ds

[T (HE s gy L) nHE o
Ki‘j :J [( 6R2 +2n>90u§0u WSD'JSDU +? 312 i Pij i|d€

172 I, T Ms s !
Kﬂ’:ji n”L 5 (& g; (&) — 2” el <é>¢3<5>}d5

K;

. 1 HZ?’I" I_IZIQZ ol ol (1 _/J‘S) n H) i I_IZT’I1

[— 1) WZ S S w w . w c _ 1 2
K; J [(12R? +1)gie; + 1212 % ¢o + 5 3Lz P oy + (712R§ + )ga,]go,]W +
Hin Wl wll (1 _#1‘) n HC w! u,}

12L2 @i Py + 2 ¢ BLZ Dij Qi dg

y "1 277/1(R(
K =J[ el (O @} £

. [PT(H _pnHE Q) aHE
(i]a' — JO|:< 6R2 —’—272)90;]90,-] _WSD;, 90;] +# . SLZ %}’%‘;’}dg

Ko — [ R <s>“<>+"2(17_ (O)¢t (& |d
ij 1.2 5017 ©ij 5 9 SOI/ 5 SD S &

2np, —
K=, [ R g @) — PR o Jag
0 14 2 L
e _ ! H (1 ) Rﬁ Hz
K *Jo [" (121?2+1>9”'f(5)9"'f<5hL ( +12Lz>% ©gj <E>} ¢

aa —_— 1
K = 47 J o (&) gt (2)de

24,

K *LHJ L (Ot (2)de

) 2
K —— ﬁj ot (&gt (&) de
Ki = A g1 ®rg (de
0
1
K = ZnA;;A4J @i (D (dg
0
1
K =— 2A2A3J o5 (&) gp (O de
0
. 1 A]Z ! ! !
K; = nZAJ @5 (&) gy (8)de+ TJ ¢ (Dgj (Hdg
0 0

1
K =— ZnA2A4j o (O gf (O de
0



1424 ok B % %55 %
KY = J o (gt (O)de
— A g g @
0

ks = kgl (0) g (0)FRigl (1) gl (1)

ks = kigi (0) g (0)+kig! (1! (1)
ksi = kYol (0)@r (0)+ ke (1)@ (D+R [ (0) ] [er (0) ] + R Le¥ (1) ] [er (1) ]
2 (14) 5T 5 5 M BRI 8 0T

1
My ::J [o.HR. (¢ (& ¢l (&))+ ot HiR (¢} (9 gy (6)) Jde
"1
M :J Lo HiRigj; () ¢l (&) ]d&

My — | [0 R (g ©g )+ pHR ] +@§)mwaﬁ@nﬁs

o orHiR;
M; =

GG

1
M; = JO [psHsRsSDEVSDT‘]LV] + ‘OfoRf@:fSD}; + p{Hfngoffgoﬁj']dS

. ! 1, HI H.\, ., .

(%R F)



